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ABSTRACT 
Linear-elastic fracture mechanics (LEFM) is a common approach used to predict the governing 
conditions (critical stresses, crack lengths, crack growth rates etc) governing material fracture. 
It has seen widespread application due to its simplicity in comparison with other methodologies. 
With knowledge of LEFM, it is possible to design components and apply appropriate operating 
procedures in such a way as to reduce the risk of fracture. However, the use of LEFM is 
restricted to relatively long cracks, whereas short cracks are more commonly of interest in 
design. LEFM is not able to give reliable crack growth rates and static failure loads when cracks 
are short (the cut-off for acceptable crack lengths is defined using a series of validity criteria.). 
If LEFM cannot validly be used then other more complex and costly methodologies, such as 
elastic-plastic fracture mechanics (EPFM), must be employed.  
A number of explanations for the difference between short and long crack behaviour (in terms 
of static and fatigue failure) have been proposed. Microstructural properties, such as grain 
boundaries (Lankford, 1982), notch tip plasticity, microplasticity and crack closure (Suresh & 
Ritchie, 1984) have all been identified as mechanisms for differences in behaviour. A number 
of models have been proposed to simulate behaviour at different crack lengths but these models 
are often based on experimental data from one material, which is an issue as microstructure 
properties can vary greatly between materials (eg polymers vs metals). Additionally, a number 
of equations put forward by researchers often use conflicting theories to model crack behaviour 
(Lawson, Chen & Meshii, 1999). A simple numerical approach presented by El Haddad, Smith, 
& Topper (1979) was implemented to quantify the deviation between valid and invalid cracks 
for static failure loads and crack growth rates. This approach used an effective crack length 
(𝑎 + 𝑙0, a numerical constant) instead of the nominal crack length in LEFM calculations to 
improve predictions. 
This approach was tested by collecting static fracture load and fatigue crack growth rate 
measurements for Compact Tension (CT) acrylic (PMMA) specimens with crack lengths 
ranging from invalid, borderline invalid/valid to valid cracks. Measured failure loads and crack 
growth rates were compared to LEFM predicted values and LEFM predicted values using an 
effective crack length. 
Using standard LEFM, predicted failure loads were found to be higher than experimental data 
and predicted crack growth rates were found to be slower than experimental data when LEFM 
was invalid. It was also found that the further the crack length was from the minimum valid 
ii 
crack length, the more non-conservative the predicted static failure load and crack growth rate 
would be. 
This numerical approach yielded much improved LEFM predictions for static failure loads and 
crack growth rates. For a static loading environment, the effective crack length reduced the 
predicted failure load significantly for short cracks but not for long cracks. For a cyclic loading 
environment, the effect crack length introduced an increased ∆𝐾 driving force which modelled 
the faster crack growth rates for short cracks. The numerical approach yielded better correlation 
with the experimental data at borderline invalidity then for extremely invalid cracks. 
This numerical approach used is promising due to its simplicity. Further investigation of the 𝑙0 
concept needs to be considered with respect to different materials, loading and environmental 
conditions in addition to geometry before it could be used in design. 
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NOMENCLATURE 
 𝑎: crack length 
 𝑎𝑒𝑓𝑓: effective crack length 
 𝑎𝑚𝑖𝑛: minimum crack length to satisfy LEFM 
 𝐵: specimen width 
 𝐵𝑁: specimen thickness between the roots of the side grooves (= 𝐵 for geometry used) 
 𝐶, 𝑚: material constants for Paris law data fitting 
 𝑑𝑎: change in crack length/crack growth 
 𝑑𝐶: change in compliance 
 𝑑𝑁: change in cycles 
 𝐸: elastic modulus 
 𝐾𝐶: fracture toughness 
 𝐾𝐼: stress intensity factor 
 𝐾𝐼𝑐: plane-strain fracture toughness 
 𝑙0: crack length constant 
 𝑁: number of cycles 
 𝑃𝑓: failure load 
 𝑅: resistance to crack extension 
 𝑅𝐾: R-ratio 
 𝑟𝑝: plastic zone size 
 𝑡: thickness 
 𝑌: geometric calibration factor 
 ∆𝐾: stress intensity range 
 ∆𝐾𝑒𝑓𝑓: effective stress intensity range (accounting for crack closure effects) 
 ∆𝐾𝑙0: stress intensity range calculated using 𝑙0 
 ∆𝐾𝑛𝑜𝑚: stress intensity factor without using 𝑙0 
 ∆𝐾𝑡ℎ: stress intensity range threshold 
 ∆𝜎: stress range 
 𝜎: stress (taken as far-field stress in Griffith equation) 
 𝜎𝑓: fracture stress 
 𝜎𝑦: yield stress 
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1 INTRODUCTION 
Linear-elastic fracture mechanics (LEFM) is an approach to predicting the conditions governing 
fracture in materials. It has seen significant use due to its simplicity in dealing with sharp cracks 
in elastic bodies. LEFM assumes the material is isotropic and linear-elastic except in a small 
region in the immediate vicinity of the crack tip. The use of LEFM is predicated on this plastic 
region being small in comparison with the rest of the body. Quantitative criteria are prescribed 
for evaluating whether the plastic region is small enough for LEFM to be valid. LEFM ceases 
to be valid if the plastic zone radius is a significant proportion (e.g. 2%–10%) of the crack 
length and body dimensions. When such extensive plasticity occurs, LEFM is no longer a valid 
approach for calculating component failure loads in static fracture situations, nor for predicting 
fatigue crack growth rates in cyclic loading situations. 
Of interest to this project is investigating the scenario where LEFM is borderline invalid. 
Borderline invalidity refers to the scenario where the LEFM validity criteria are violated by 
only a small margin. There is some evidence to suggest that in some borderline invalidity 
situations, LEFM can provide reasonably accurate predictions of fracture behaviour. However, 
as the conditions deviate further from the validity criteria, LEFM predictions become 
increasingly inaccurate. The main purpose of the thesis is to explore whether the inaccurate 
predictions produced when LEFM is invalid always lead to non-conservative design or 
operating procedures (such as setting of inspection intervals), or whether there are scenarios in 
which the opposite is true (with the consequence being overly-conservative design or 
operation). 
1.1 Aims 
Presented below are the detailed aims for this thesis: 
1. For the case of static fracture, determine whether LEFM invalidity always leads to non-
conservative predictions of fracture load, or whether there are situations where it leads to 
overly-conservative predictions;   
2. Quantify the deviation between actual failure load and LEFM-predicted value, for 
borderline and extreme invalidity scenarios;  
3. For the case of fatigue crack growth, determine whether LEFM invalidity always leads to 
non-conservative predictions of crack growth rate, or whether there are situations where it 
leads to overly-conservative predictions;  
4. Quantify the deviation between actual fatigue crack growth rate and LEFM-predicted 
value, for borderline and extreme invalidity scenarios 
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1.2 Scope 
Static and fatigue testing was limited to PMMA samples, with the primary geometry used being 
a Compact Tension (CT) specimen. Centre Notched Tension (CNT) and Double Edged Notched 
Tension (DENT) specimens were also used to collect fracture load data. Based off the literature 
review, it is assumed material type will likely impact the deviation between predicted and 
measured fracture loads and crack growth rates and it would be recommended to test a variety 
of materials in order to verify the effective crack length approach. 
Additionally, the fatigue testing was limited by time constraints. To produce a complete crack 
growth curve with Regime I, II and III (such as in Figure 6) requires testing at a large number 
of ∆𝐾 values. This may have taken some months to complete, so only a select number of ∆𝐾 
values were tested to get a rough crack behaviour profile to draw conclusions from. 
1.3 Relevance 
This project has applicability to the design and operation of components. In some situations it 
may be easier, and perhaps more appropriate, to use LEFM with borderline invalidity than to 
use other more complex methodologies (such as elastic-plastic fracture mechanics). If so, it 
would be necessary for the design to be performed with the knowledge that LEFM predictions 
are either non-conservative or overly-conservative and to adjust accordingly. 
Furthermore, if the deviation between LEFM predicted values and measured values is able to 
be quantified, designers have the ability to design around short cracks with a much simpler 
methodology. 
1.4 Outline 
 
 Section 1: Introduces the purpose of the thesis in addition to the aims and scope of the 
thesis. The relevance of this thesis topic to application in industry is also discussed. 
 Section 2: Review of existing literature conducted. An overview of fundamental fracture 
mechanics theory is given. A review of short crack behaviour literature has been 
completed in order to gain an understanding into the different behaviour of short cracks 
from long cracks as predicted by standard LEFM theory. A numerical approach for 
modelling short crack behaviour is chosen. 
 Section 3: Details the experimental procedure used for static and fatigue testing. Static 
tests involved finding the static fracture loads for LEFM valid and invalid cracks and 
comparing to predicted values. Fatigue tests involved finding the crack growth rates for 
LEFM valid and invalid cracks and comparing to predicted values. 
3 
 Section 4: Raw and processed experimental data is tabulated and presented graphically. 
 Section 5: Discussion of the experimental results. The numerical approach identified in 
the literature review is applied to the experimental data to more accurately predict short 
crack static fracture loads and crack growth rates. Further discussion on the application 
of this numerical approach is given. 
 Section 6: The findings of the thesis are summarised, linking back to the aims presented 
in Section 1 and providing recommendations for future work into developing the 
numerical approach used for modelling short crack behaviour. 
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2 LITERATURE REVIEW 
2.1 Overview of Fracture Mechanics 
Fracture mechanics is used to predict the critical value of applied stress or load at which a crack 
of a given length will propagate, in a material of given fracture toughness. With knowledge of 
fracture mechanics, it is possible to design components and apply appropriate operating 
procedures in such a way as to reduce the chance of fracture.  
A number of methodologies have been developed for design purposes. The most widespread 
methodology used is Linear-Elastic Fracture Mechanics (LEFM), due to its simplicity. Other 
techniques, such as Elastic-Plastic Fracture Mechanics (EPFM) are a subject of great interest in 
the field, primarily as they are more widely applicable in design situations in comparison to 
LEFM. The use of EPFM is limited by its complexity, however. 
2.2 Linear-Elastic Fracture Mechanics (LEFM) 
2.2.1 LEFM approach to static fracture 
There are two approaches to static fracture analysis: the energy criterion and the stress intensity 
approach. 
Using the energy criterion approach, Griffith was able to derive a simple equation to calculate 
the critical stress for fracture: 
𝜎𝑓 = √
𝐸𝑅
𝜋𝑎
  Equation 1 
 
Using the stress intensity factor approach, the Griffith equation can be rewritten as: 
𝐾𝐼 = 𝑌𝜎√𝜋𝑎 Equation 2 
 
For an element near the tip of a crack in an elastic material, each stress tensor component ij is 
proportional to a single constant,𝐾𝐼, the stress intensity factor. If this factor is known, the stress 
distribution across the crack tip can be found, meaning this factor can characterise the stress 
state at the crack tip. Following from this, fracture will occur at a critical stress intensity factor 
KIc, which can be used as a measure of fracture toughness. 
The calibration factor is necessary to account for the effects of different specimen geometries. 
Handbooks exist for calculating 𝑌 for different specimen geometries using analytic solutions. 
Alternatively, calibration tests can be performed to determine 𝑌 experimentally. 
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Using the Griffith equations allows for stresses to be calculated when crack lengths and material 
fracture toughnesses are known, to complete design work. 
2.2.2 LEFM approach to fatigue fracture 
In addition to static loading, LEFM can be used in cyclic loading environments. It can be used 
validly for subcritical crack growth (when maximum stress is less than the yield stress, and the 
maximum stress intensity factor is less than the critical stress intensity factor). 
Per Anderson (2005), LEFM can be used to predict: 
 Critical crack length from which fast fracture will occur 
 Whether a given crack will grow at all 
 Crack growth rate at a given cyclic stress amplitude and crack length 
 Time for crack to grow from low detectability to nearing fast fracture 
Fatigue goes through three distinguishable regimes: 
I. Crack initiation: initiation of sharp cracks from blunt notch 
II. Crack propagation: slow, progressive crack growth at sub-critical stresses 
III. Failure: fast fracture of specimen after a period of stable crack growth 
The behaviour of the three regimes are visualised below: 
 
Figure 1: Crack growth behaviour through the three regimes 
Figure sourced from Anderson (2005) 
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In K-controlled fatigue, a crack will only grow when the stress intensity range, ∆𝐾, is above a 
certain threshold, denoted ∆𝐾𝑡ℎ. 
Fatigue crack growth rates can be modelled using a range of regime specific equations. 
Typically, crack growth rates are a function of ∆𝐾, ∆𝐾𝑡ℎ and RK (not to be confused with crack 
resistance, R), which is the R-ratio. This is the ratio of the minimum stress (or stress intensity 
factor) to the maximum. The Paris law is used to model stable crack growth: 
𝑑𝑎
𝑑𝑁
= 𝐶∆𝐾𝑚 Equation 3 
 
For early stage fatigue, thresholds and growth rates may be affected by crack closure. In 1970, 
Elber noticed in the compliance of specimens under fatigue, the compliance agreed with 
standard mathematical models at high loads but at low loads the compliance was similar to that 
of an uncracked specimen (Anderson, 2005). Elber theorised that crack closure decreased the 
crack growth rate by reducing the effective stress intensity range. This crack closure concept is 
illustrated in the figure below: 
 
Figure 2: Definition of effective stress intensity range 
Figure sourced from Anderson (2005) 
Per Suresh & Ritchie (1984), a number of crack closure mechanisms exist: 
 Plasticity induced closure 
 Roughness induced closure 
 Oxide induced closure 
 Closure induced by a viscous fluid 
 Transformation induced closure 
 
 
7 
2.2.3 LEFM validity 
As has been alluded a number of times, LEFM is only valid for certain situations. This will be 
outlined in the following section. Additionally, the implications of validity on LEFM 
predictions will be covered. 
2.2.3.1 Quantitative criteria 
Quantitative criteria are prescribed for evaluating whether the plastic region is small enough for 
LEFM to be valid, as LEFM is no longer valid when extensive plasticity is present near the 
crack tip. 
The criteria are used as an indication of LEFM validity. If one test indicates validity and another 
invalidity, then this can be regarded as borderline invalidity. LEFM could be used in design 
under this scenario, as long there is recognition that there is some ambiguity over the validity 
of LEFM and as such, more conservative design practices may be needed. The purpose of this 
thesis is to investigate this borderline invalidity scenario in more detail, to gain a better 
understanding around LEFM predictions under borderline invalidity. 
The standard criteria for determining LEFM validity is given by: 
 𝑎𝑚𝑖𝑛 ≥ 2.5(
𝐾
𝜎𝑌
)
2
 
Equation 4 
2.2.3.1.1 ASTM E399 
ASTM E399 prescribes a method for testing the plane-strain fracture toughness of materials, 
using a more rigorous set of quantitative criteria in comparison to the rules of thumb outlined 
previously. 
The plane-strain fracture toughness, 𝐾𝐼𝑐, is an invariant material property. Generally, materials 
under plane strain more easily satisfy LEFM validity. Furthermore, materials in plane stress 
exhibit higher fracture toughnesses than when in plane strain. This can often lead to non-
conservative design if inflated values of fracture toughness are used. The figure below can be 
used to illustrate thickness effects. 
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Figure 3: Effects of specimen thickness on measured fracture toughness 
Figure sourced from Anderson (2005) 
Plane-strain fracture toughness is a useful material property due to its independence on 
specimen thickness. This allows for similitude to be achieved, where a fracture toughness value 
can be measured on a smaller scale model and be used in the design of a larger structure.   
2.2.3.2 Short cracks and their implications on LEFM validity 
The behaviour of short crack growth is of considerable interest due to its practical applications. 
Cracks spend the majority of their operating life in a short crack regime, hence this behaviour 
is important to understand, in order to inform design and maintenance decisions. 
If LEFM is not valid, short cracks may exhibit faster crack growth rates than would be predicted 
using LEFM. This can lead to failure occurring earlier than predicted, which presents both 
safety and economic issues. The chart below schematically present scenarios in which crack 
growth rates for short crack lengths may be higher than predicted by LEFM: 
 
Figure 4: Crack growth rates for different crack lengths 
Figure sourced from Suresh & Ritchie (1984) 
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It can be seen that for low ∆𝐾 values, the short crack growth rates are higher than predicted by 
LEFM. Also observable is the growth rate perturbations in short crack growth: some cracks 
demonstrate a decrease in crack growth while others see complete arrest of crack growth at 
certain ∆𝐾 values. The short crack growth rates begin to tend towards long crack behaviour at 
∆𝐾 values after the dip or arrest in crack growth occurs. Further discussion on these 
observations accompany Figure 6. 
The growth of the short crack at stress intensity ranges lower than the supposed threshold is of 
particular concern. By definition, stress intensity ranges lower than the threshold value should 
not permit crack growth. Through similitude, it would be expected that this would hold for 
shorter cracks, however, the growth of the short crack at below the supposed threshold indicates 
that the threshold is not a constant. Kitagawa & Takahashi (1976) were able to show that the 
threshold stress amplitude was as predicted by LEFM for long cracks, but deviated from this 
trend for short cracks. A plot of their collected data from CSA G40-11 steel is provided to 
illustrate this phenomenon: 
 
Figure 5: Comparison of experimental and predicted threshold stresses 
Figure sourced from Kitagawa & Takahashi (1976) 
This shows that ∆𝐾𝑡ℎ decreases for small cracks. El Haddad, Smith, & Topper (1979) were able 
to model the behaviour of the short crack threshold stresses by adding a constant, 𝑙0, to the 
crack length to produce an effective crack length. The constant is a function of the threshold 
stress intensity and fatigue limit of the material. This model shows a strong correlation with the 
collected data from Kitagawa & Takahashi (1976), which can also be seen in Figure 5. This 
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constant has no real physical interpretation or relation to the microstructure of the material 
(Hudak, 1981). Conversely, Suresh & Ritchie (1984) identify the fatigue endurance limit as the 
governing threshold condition for short cracks. This is based on the principle that short crack 
propagation is controlled by whether the crack tip slip bands are blocked or are able to traverse 
the grain boundary to an adjacent grain. These conclusions are supported with data collected 
by Tanaka, Nakai, & Yamashita (1981). 
Much of the deviation between short and long crack growth behaviour has been explained by 
microstructural characteristics of the material. Differences in crack closure for short and long 
cracks have been used to explain the differences in threshold stress intensities (Lawson, Chen, 
& Meshii, 1999). In order to explain some of these effects, it will be useful to discuss the 
different definitions of a “short” crack. Suresh & Ritchie (1984) identify three means for 
defining a “short” crack: 
1. Cracks which have a comparable length to the grain size 
2. Cracks which do not satisfy LEFM 
3. Cracks which are physically small (defined as less than 0.5-1 mm), but which may satisfy 
LEFM 
Lankford (1982) and a number of other researchers were able to demonstrate a consistent trend 
between the variation in long and short crack growth rates, based on the grain size of the 
material. Short cracks were defined as being comparable in length to the grain size. Lankford 
(1982) applied a constant load amplitude to the specimen, with ∆𝐾 increasing with crack 
extension. Suresh & Ritchie (1984) adapted collected data from Lankford (1982) to produce 
the following diagram: 
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Figure 6: Effect of grain size on crack growth rates 
Figure sourced from Suresh & Ritchie (1984) 
The graph demonstrates the different behaviour of short cracks to long cracks. Lankford (1982) 
proposes that the higher initial growth rates observed are the result of localised microplasticity 
in certain preferentially oriented grains. Also of significance in the diagram is the quick 
decrease in crack growth before merging with the long crack behaviour at stress intensities near 
threshold values.  In some cases, the crack growth will decrease until the crack arrests, like 
what can be seen in Figure 4. This decrease in growth is significant as conventional fracture 
mechanics suggests that increasing the driving force for crack growth (ie ∆𝐾) would result in 
increased crack growth. This decrease is likely the result of microstructural effects. A number 
of models have been proposed to explain these microstructural effects, however, it is likely that 
the growth of the crack is strongly influenced by grain boundaries. Researchers have proposed 
cessation of propagation into a neighbouring grain until a large enough plastic zone is developed 
and a retardation of crack growth due to elevated crack closure stresses, as well as impeded 
growth due to pinning of slip bands from the crack tip by the next grain boundary as causes of 
this decrease in crack growth (Suresh & Ritchie, 1984). So despite the increasing ∆𝐾 driving 
force, the growth of the crack is decreased as the crack is inhibited by the grain boundaries as 
the cracks are so short (comparable in length to the grain size). Comparatively, the growth of 
long cracks are not affected by their microstructure. Lankford (1982) states that “small” cracks 
will become “large” when their LEFM plastic zones exceed the maximum grain size. This is 
observable in Figure 6, where the minimum crack growth rate occurs when the crack is 
approximately the same length as the grain size. Once the crack extends beyond the grain size, 
it is not inhibited by grain boundaries or other microstructural effects and its behaviour starts 
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to resemble long crack growth. Suresh & Ritchie (1984) also propose the depth of the ‘well’ 
during the crack growth rate decrease is controlled by the level of microplasticity involved 
when the crack traverses the grain boundary. Finally, Tokaji, Ogawa, Harada, & Ando (1986) 
proposed that cracks longer than thrice the grain size were not influenced by the material 
microstructure, but would grow faster than expected by LEFM until their lengths reached thrice 
the grain size plus 150 𝜇m.  
The second definition of short cracks deals with cracks comparable in size to scale of local 
plasticity. This includes the plastic zone at the crack tip and the strain field of a notch or larger 
stress concentration which could encompass the crack in the vicinity of the notch (notch field 
plasticity) (Suresh & Ritchie, 1984). In terms of plasticity and using LEFM, work discussed 
previously by El Haddad, Smith, & Topper (1979) can be used to model the short crack effects 
on crack growth behaviour. Despite much work in the area, no model has been able to explain 
the change in short crack behaviour in terms of plasticity, other than to say that factors such as 
notch tip plasticity and microplasticity play a part. 
The third definition is concerned with cracks less than 0.5 – 1 mm in length. They are of interest 
since, even though they may satisfy LEFM validity criteria, they have been shown to exhibit 
short crack behaviour under certain circumstances (Suresh & Ritchie, 1984). This is not 
consistent with the similitude concept. Crack closure is identified to be a contributing factor to 
this phenomenon (Suresh & Ritchie, 1984). This relates to interference and contact between 
fracture surfaces in the wake of a crack tip, which can cause crack closure. Under a constant 
load amplitude, smaller cracks have a smaller wake and crack closure has less of an effect on 
short crack growth. James & Morris (1983) were able to observe the correlation between crack 
closure and crack size in the growth of short cracks in titanium alloys. So at equivalent nominal 
∆𝐾 values, these physically short cracks will have higher crack growth rates than long cracks 
as crack closure results in a smaller increase in ∆𝐾𝑒𝑓𝑓 at the crack tip for long cracks (Suresh 
& Ritchie, 1984). The figures below provide credibility to the crack closure theory. Given the 
increased effect of crack closure, long cracks have higher closure loads, especially at low ∆𝐾 
values. When ∆𝐾𝑒𝑓𝑓 is used instead of ∆𝐾 in plotting crack growth rates, both short and long 
crack data lie on a common curve (Anderson, 2005). 
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(a) (b) 
Figure 7: 
(a) Kop data for long and short cracks  
(b) Crack growth data for long and short cracks using ∆𝐾𝑒𝑓𝑓 
Figure sourced from Tanaka & Nakai (1983) 
Given the wide range of possible causes for deviation in short crack behaviour, a number of 
different models have been developed to model short crack growth rates. Hussain (1997) lists 
a number of analytical models, which have been developed using different concepts, which 
include models based on crack tip strain, strength of a slip, energy release rate, grain boundary 
effect, plastic zone interaction as well as a two-stage micromechanics model. McEvily (2005) 
incorporates a number of these concepts to produce a model which shows good correlation with 
experimental data for a range of loading environments. 
The problem with a lot of these models is that there is no exact theory from which to base these 
models of. There is a general consensus that crack closure, microstructure and plasticity all 
contribute to the different behaviour of short crack growth, however, there are a number of 
conflicting rules and equations put forward by researchers to model short crack growth 
(Lawson, Chen, & Meshii, 1999). Kocanda (1978) cites 54 equations modelling crack growth. 
Additionally, despite the evidence negating similitude, there is usually enough doubt in most 
practical circumstances over the exact nature of the crack conditions to keep the similitude 
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concept plausible (Lawson, Chen, & Meshii, 1999). As an example, the model proposed by 
McEvily (2005) uses experimental data collected from carbon steel samples to verify the model. 
Given the effect microstructure plays in short crack growth, it would be reasonable to question 
whether a material such as a polymer, which has fundamental differences in its microstructure 
to a metal, would be able to be modelled with what was proposed by McEvily. 
Given time and resource limitations, it may also be unfeasible to test a number of the models 
listed by Hussain (1997). What may be more feasible is to either: 
 Attempt to use the effective crack length concept proposed by El Haddad, Smith, & 
Topper (1979) to model short crack behaviour with LEFM; 
 Or, if this does not work, propose guidelines on the level of uncertainty in LEFM 
predictions based on how invalid the specimen.  
In either case, a sufficient level of detail is able to be provided for design purposes. 
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3 EXPERIMENTAL PROCEDURE 
Acrylic (PMMA) was chosen for static and fatigue testing. This was due to its low cost, ease of 
manufacture and availability. Its low fracture toughness also meant the minimum crack length 
to satisfy LEFM was quite small which made the size of the specimens manageable. 
To surmise, the experimental procedure aimed to collect static fracture load and fatigue crack 
growth data for crack lengths ranging from invalid, borderline valid/invalid to valid. From this, 
the measured data could be compared to predicted values per LEFM. This allowed for Aims 1 
and 3 to be investigated – does LEFM lead to non-conservative or overly-conservative fracture 
loads and crack growth rates for invalid crack lengths? 
Additionally, the effectiveness of the effective crack length approach could be assessed by 
comparing the measured data to the updated predictions in order to investigate Aims 2 and 4. 
3.1 Static fracture testing 
A two part approach was taken for the static fracture testing: 
1. The static fracture load for Double Edge Notch Tension (DENT) and circular and sharp 
Centre Notched Tension (CNT) specimens of different crack lengths (2.5 – 10.0 mm) 
were found. DENT and CNT specimens were tested as spares from an undergraduate 
practical class were already made up and able to be used. This data was used to get a 
feel for the fracture toughness of the material and expected fracture loads. From this, an 
idea of invalid, borderline invalid and valid crack lengths could be determined and used 
in the second part of static fracture testing. These tests were also useful for regaining 
experience with the INSTRON machines and material testing. 
2. Compact Tension (CT) specimens of invalid, borderline invalid and valid crack lengths 
were tested to find their static fracture loads. CT specimens were used given its use a 
standard geometry in accordance with ASTM standards and due to its compactness. 
3.1.1 Static fracture testing – Part 1 
3.1.1.1 Apparatus 
 OSMER 30 cm ruler 
 Olympus Tokyo Stereo Microscope (Model Number: MX3389, Serial Number: 
208980) 
 Mitutoyo Vernier Caliper (Serial Number: 1253419) 
 INSTRON Series 4460 Table Top Load Frame (Serial Number: H1842) 
 2 sets of PMMA samples (see below for nominal dimensions) 
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Table 1: Nominal dimensions of PMMA samples tested (Static Part 1) 
Width, 𝑩 
(mm) 
Shape Location Notch Length, 𝟐𝒂 (mm) 
25 Sharp DENT 2x2.5 
25 Sharp DENT 2x5.0 
25 Sharp DENT 2x8.0 
25 Sharp Centre 10.0 
25 Circular Centre 2.5 
25 Circular Centre 5.0 
25 Circular Centre 10.0 
3.1.1.2 Method 
1) INSTRON machine was set to 7 mm/min 
2) Width of specimen was measured using a ruler 
3) Thickness was measured using a Vernier caliper and notch length of with a ruler and 
the stereo microscope 
4) Specimen was loaded into the grips of the INSTRON machine 
5) The specimen was put under tension until it fractured, with load and extension recorded 
by the INSTRON machine 
6) Steps 2-4 were repeated until all specimens tested 
3.1.2 Static fracture testing – Part 2 
3.1.2.1 Apparatus 
 OSMER 30 cm ruler 
 Olympus Tokyo Stereo Microscope (Model Number: MX3389, Serial Number: 
208980) 
 INSTRON Series 5965 Table Top Load Frame (Serial Number: B10341) with 
INSTRON physical clip-gauge extensometer 
 Set of CT PMMA samples (see below for nominal dimensions) 
 Craftright scalpel knife (Serial Number: 5760217) 
 Sikabond 3g F100 Super Glue (Serial Number: 1661344) 
 Red alcohol thermometer 
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Table 2: Nominal dimensions of CT PMMA samples tested (Static Part 2) 
Crack Length, 𝒂 (mm) Number of CT trials 
1.0 2 
1.6 4 
2.5 2 
4.0 1 
6.5 1 
10.0 1 
17.0 1 
23.0 4 
 
A CAD sketch of a 23.0 mm CT specimen is presented below, in addition to photos of the 
experimental setup with a specimen loaded into the INSTRON with the clip-gauge 
extensometer. 
 
Figure 8: CAD sketch of 23.0 mm CT specimen 
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Figure 9: Sample loaded into INSTRON grips with clip-gauge extensometer attached within 
glued on knife edges 
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Figure 10: Sample after fracture with glued on knife edge visible 
3.1.2.2 Method 
1. Room temperature was measured with a thermometer 
2. INSTRON machine was set to 6 mm/min 
3. Width and length of each specimen was measured using a ruler 
4. Thickness was measured using a Vernier caliper 
5. Notch length and initial crack mouth opening displacement of specimen was measured 
using a ruler and the stereo microscope 
6. Specimen was loaded into the grips of the INSTRON machine 
7. A blunted (ie as-machined, not yet sharpened) notched specimen for each crack length 
was put under tension until it fractured, with load and extension recorded by the 
INSTRON machine and crack mouth opening displacement measured with the physical 
clip-gauge extensometer and glued on knife edges 
8. Remaining notches were sharpened with a scalpel 
9. Step 5 was repeated, measuring fracture load for each crack length. Repeat trials were 
performed as per Table 2. 
3.2 Fatigue testing 
3.2.1.1 Apparatus 
 OSMER 30 cm ruler 
 Olympus Tokyo Stereo Microscope (Model Number: MX3389, Serial Number: 
208980) 
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 INSTRON Series 8031 Table Top Load Frame (Serial Number: H0402) with physical 
clip-gauge extensometer 
 Set of CT PMMA samples (see below for nominal dimensions) 
 Craftright scalpel knife (Serial Number: 5760217) 
 Sikabond 3g F100 Super Glue (Serial Number: 1661344) 
 Permanent marker 
 Red alcohol thermometer 
Table 3: Nominal dimensions of CT PMMA samples tested (Fatigue) 
Crack 
Length, 
𝒂 (mm) 
Number of CT trials 
Crack growth 
profile 
Paris law 
fitting 
Crack growth rates at 
∆𝑲 = 0.625 MPam 
Crack growth rates at 
∆𝑲 = 0.675 MPam 
1.0   3 1 
1.6   2 1 
2.5   1 1 
4.0   1 1 
6.5   1  
10.0   1  
17.0 1 1 1 1 
23.0 4 2 1 1 
 
Photos of the experimental setup with a specimen loaded into the INSTRON with the clip-
gauge extensometer are below. The CT specimens used have the same geometry as the 
specimens used in Part 2 of static testing. 
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Figure 11: Sample loaded into INSTRON grips with clip-gauge extensometer attached within 
glued on knife edges (1) 
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Figure 12: Sample loaded into INSTRON grips with clip-gauge extensometer attached within 
glued on knife edges (2) 
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Figure 13: Sample loaded into INSTRON grips with clip-gauge extensometer attached within 
glued on knife edges with crack length ruler visible 
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Figure 14: Sample before testing with glued on knife edge and crack growth ruler visible 
3.2.1.2 Method 
In order to test for crack growth rates, it was important to determine roughly ∆𝐾𝑡ℎ as well as 
what ∆𝐾 values would initiate fast fracture. 17.0 and 23.0 mm cracks were tested at a number 
of ∆𝐾 values to get an idea of these values. These tests showed observable crack growth 
occurring at a ∆𝐾 of 0.600 MPam and fast fracture occurring at ∆𝐾 values beginning at around 
0.750 MPam.  
Based on these findings, the long crack specimens were tested at ∆𝐾 values of 0.675, 0.700 and 
0.725 MPam to find the crack growth rates to determine Paris law coefficients. 
A ∆𝐾 of 0.675 MPam was chosen as the standard ∆𝐾 to test each crack length at to determine 
its crack growth rate, however, it was found that for very short cracks this would lead to fast 
fracture. This indicated that short cracks grew at rates faster than long cracks/predicted by 
LEFM (non-conservative design) but in order to collect data, a ∆𝐾 of 0.625 MPam was used 
to produce a slower crack growth rate. Some data was obtained for ∆𝐾 of 0.675 MPam for 
each crack length as a point of comparison. 
Before each test was started, each crack was subjected to a ∆𝐾 of 0.900 MPam for 30-100 
cycles in order to initiate a crack. 
Short cracks were grown for 1000 cycles, with 𝑑𝑎 measured after. With this increased crack 
length, ∆𝜎 was recalculated to maintain the ∆𝐾 value and 1000 cycles were repeated. For longer 
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cracks, the number of cycles was increased as the slower crack growth required more cycles to 
determine the crack growth rate. 
An extensometer was used to record crack mouth opening displacement in order to determine 
crack growth rates with a compliance approach but crack growth was instead determined using 
the stereo microscope. This allowed crack growth to be measured straight after each test in 
order to recalculate ∆𝜎.  
In cases where the sample underwent fracture before the INSTRON had run through the set 
number of cycles, measuring the crack growth rate had some uncertainty. During each test, 
regular measurements of the crack growth were made using the drawn on ruler and these were 
used to determine 𝑑𝑎 in cases where fast fracture occurred. However, these measurements were 
made visually and were susceptible to parallax errors as well as precision issues. 
Each specimen was subject to an R-ratio of 0.1. 
In addition to this procedure, the following steps were taken to prepare each sample: 
1. Room temperature was measured with a thermometer 
2. INSTRON machine was set to 6 mm/min, cycling at 5 Hz 
3. Width and length of each specimen was measured using a ruler 
4. Thickness was measured using a Vernier caliper 
5. Notch length and initial crack mouth opening displacement of specimen was measured 
using a ruler and the stereo microscope 
6. 5 x 1mm increments were drawn on from the crack tip with a permanent marker 
7. Knife edges were glued on to measure crack mouth opening displacement with physical 
clip-gauge extensometer 
8. Specimen notches were sharpened with a scalpel 
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4 RESULTS 
For predicted values, error analysis was performed using the methods described by Macrossan 
& Mee (2011). This accounts for the uncertainties in each of the quantities input into the 
relevant equations. 
For measured values, error analysis was performed by looking at the scatter for each data point. 
Error bars were found by finding the standard deviation for each data point. For data points 
with only one experimental measurement, the uncertainty was taken as the average uncertainty 
for the entire data set. 
Error bars were plotted for both experimental and predicted values using the methods described. 
For experimental data, there was obviously some scatter, and this is reflected in the error bars. 
For predicted values, the error bars reflect the uncertainty of the input quantities as well as the 
uncertainty associated with predicting short crack behaviour using standard LEFM. 
4.1 Static fracture testing 
4.1.1 Static fracture testing – Part 1 
Part 1 of static fracture testing involved finding the static fracture loads of CNT and DENT 
specimens to evaluate the effect of LEFM invalidity on predicted failure loads and estimate a 
fracture toughness value for acrylic. 
Calibration factor (𝑌) calculated with following equations: 
DENT: 
1.122−0.561(
𝑎
𝐵
)−0.205(
𝑎
𝐵
)
2
+0.471(
𝑎
𝐵
)
3
−0.190(
𝑎
𝐵
)
4
√1−
𝑎
𝐵
  Equation 5 
CNT: 
(1 − 0.025 (
𝑎
𝐵
)
2
+ 0.06 (
𝑎
𝐵
)
3
) √𝑠𝑒𝑐
𝜋𝑎
2𝐵
 Equation 6 
 
Equations sourced from Tada, Paris & Irwin (2000). 
Fracture toughness 𝐾𝐶 calculated using Equation 2. 
Raw and processed experimental data is tabulated below. Graphical representation of the data 
then follows the data tables. 
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Table 4: Static Fracture Experiments – Part 1: Experimental Data 
Geometry Measured data 
Width, 
𝑩 (mm) 
Thickness, 
𝒕 (mm) 
Notch length, 
𝟐𝒂 (mm) 
Failure 
load, Pf (N) 
DENT 25 2.02 6.0 628 
Centre 25 2.025 3.0 1374 
Centre 25 2.17 3.0 1399 
DENT 25 2.17 5.0 774 
Centre 25.5 2.01 6.0 1057 
Centre 25 2.14 6.0 1284 
Centre 25 1.97 10.0 776 
DENT 25 2.2 10.0 612 
Centre 25 2.09 10.5 426 
Centre 25 2.04 10.5 945 
Centre 25 2 11.5 579 
DENT 25 2 12.0 880 
DENT 25 2.14 16.0 452 
DENT 25 2.02 18.0 489 
 
The predicted values used a 𝐾𝐶 of 1.80 MPam and the Griffith equation. This value of 𝐾𝐶 was 
found by averaging the measured stress intensity factor at fracture for “long cracks” (taken as 
2𝑎 > 6 mm). 
Using  𝑎 ≥ 2.5(
𝐾
𝜎𝑌
)
2
 to find the minimum crack length to satisfy LEFM yields a minimum 
length of 2.41 mm (𝐾𝐼 = 1.80 MPam, 𝜎𝑌 = 58.00 MPa) allows for LEFM validity to be assessed 
in the following table of processed data. Predicted failure loads calculated using the Griffith 
equation. 
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Table 5: Static Fracture Experiments – Part 1: Processed Experimental Data 
Notch 
length, 𝟐𝒂 
(mm) 
LEFM 
valid? 
Measured 
failure load (N) 
Predicted 
failure load 
(LEFM) (N) 
Difference between 
predicted and measured 
failure load (N) 
6 Yes 628 936 308 
3 No 1374 1330 -47 
3 No 1399 1420 23 
5 Yes 774 1100 328 
6 Yes 1057 950 -107 
6 Yes 1284 992 -292 
10 Yes 776 707 -69 
10 Yes 612 790 178 
10.5 Yes 426 732 306 
10.5 Yes 945 715 -230 
11.5 Yes 579 670 91 
12 Yes 880 656 -224 
16 Yes 452 607 155 
18 Yes 489 541 52 
 
Table 6: Static Fracture Experiments – Part 1: Averaged Processed Experimental Data 
Notch 
length, 
𝟐𝒂 (mm) 
LEFM 
valid? 
Measured 
failure load (N) 
Predicted 
failure load 
(LEFM) (N) 
Difference between 
predicted and measured 
failure load (N) 
3.0 No 1390 1380 -10 
5.5 Yes 701 1010 309 
6.0 Yes 1170 971 -199 
10.3 Yes 861 711 -149 
11.0 Yes 624 709 85 
17.0 Yes 471 573 102 
 
Figure 15 presents the averaged failure loads from Part 1 of the static fracture tests, which were 
notched tensile tests on both CNT (centre-notched tension) and DENT (double edge notched 
tension) specimens.  For comparison the failure loads predicted by LEFM from long-crack data 
are also presented.  
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Figure 15: Failure loads from static fracture tests, Part 1 
While deceptive visually, the predicted failure load at 10.3 mm (711 N) is larger (not the same) 
as at 11.0 mm (709 N). 
The difference between the predicted and measured failure loads for each crack length is 
graphed below. A positive difference indicates LEFM has over-predicted the measured failure 
load, hence this represents a non-conservative prediction. 
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Figure 16: Difference between measured and predicted failure loads (static fracture tests, 
Part 1) 
4.1.2 Static fracture testing – Part 2 
Part 2 of static fracture testing involved finding the static fracture loads of CT specimens to 
evaluate the effect of LEFM invalidity on predicted failure loads. 
Presented below is the averaged failure loads from Part 2 of the static fracture tests with the 
failure loads predicted by LEFM also presented. Predicted values used a 𝐾𝐶 of 1.43 MPa m 
and the modified Griffith equation given in ASTM E399 for a CT specimen: 
𝐾 =
𝑃
√𝐵𝐵𝑁√𝐵
𝑓 (
𝑎
𝐵
) Equation 7 
𝑓(
𝑎
𝐵
) defined in Equation 8: 
𝑓 (
𝑎
𝐵
) =
(2+
𝑎
𝐵
)[0.886+4.64(
𝑎
𝐵
)−13.32(
𝑎
𝐵
)
2
+14.72(
𝑎
𝐵
)
3
−5.6(
𝑎
𝐵
)
4
]
(1−
𝑎
𝐵
)
3
2
  Equation 8 
 
It is similar to the Griffith equation except for the use of  𝑓(
𝑎
𝐵
) to account for geometry as 
opposed to using a specimen geometry factor 𝑌. 
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𝐾𝐶 was found by averaging the measured stress intensity factor at fracture for “long cracks” 
(taken as 17.0 or 23.0 mm crack which would easily satisfy LEFM based on the minimum crack 
length from Part 1) and the fracture toughnesses found using a compliance approach 
(compliance curve also presented below). A compliance curve was fitted with Excel (which 
uses a least squares approach to fit a polynomial over the data) and then derived to find an 
expression for dC/da. At fracture, the Irwin-Kies equation can be expressed as: 
𝑅 =
𝑃𝑓
2
2𝐵
(
𝑑𝐶
𝑑𝑎
) Equation 9 
𝐾𝑐 can then be found using: 
𝐾𝑐 = √𝐸𝑅 Equation 10 
 
Young’s modulus was given as 3.00 GPa for the sheet of PMMA used (D. Campton, personal 
communication, September 1, 2016). 
 
Figure 17: Compliance curve with regression equation from static fracture tests, Part 2 
Experimental and predicated failure loads are tabulated below: 
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Table 7: Static Fracture Experiments – Part 1: Experimental Data 
Width of each specimen (𝐵): 50.0 mm, thickness of each specimen (𝑡): 6.000 mm 
Nominal notch 
length, 𝒂 (mm) 
Failure 
load, 𝑷𝒇 
(N) 
1.0 529 
1.0 723 
1.6 454 
1.6 557 
1.6 599 
1.6 688 
2.5 505 
2.5 622 
4.0 546 
6.5 455 
10.0 414 
17.0 271 
23.0 212 
23.0 161 
23.0 146 
23.0 198 
 
Table 8: Static Fracture Experiments – Part 1: Averaged measured failure loads compared to 
predicted values 
Nominal 
notch 
length, 𝒂 
(mm) 
Averaged 
measured 
failure load  
(N) 
Predicted 
failure load 
(N) 
1 626.0 946.3 
1.6 574.5 880.3 
2.5 563.5 797.5 
4.0 546.0 690.1 
6.5 455.0 564.4 
10.0 414.0 448.9 
17.0 271.0 307.9 
23.0 179.25 223.6 
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Figure 18: Failure loads from static fracture tests, Part 2 
Using a yield stress of 55 MPa as given by the supplier (D. Campton, personal communication, 
September 1, 2016), the minimum crack length to satisfy LEFM was calculated as 1.69 mm. 
The Griffith equation yielded a fracture toughness of 1.29 MPa m and Irwin Kies 1.57 MPa 
m. An average fracture toughness was taken as 1.43 MPa m. 
While the Griffith equation was used for static testing (and subsequent fatigue testing), the 
Irwin-Kies approach could also have been used for prediction purposes as crack mouth opening 
displacement was measured. It was felt that the Griffith equation would be the better approach 
to use as fracture loads can be read off the INSTRON and crack growth can be directly measured 
using a microscope. The Irwin-Kies approach needs to process crack mouth opening data and 
work with compliance quantities and it was felt that the Griffith approach would offer a simpler 
and more reliable approach. However, the fracture toughness estimates using either approach 
yielded a somewhat consistent value and highlights that Irwin-Kies is another valid approach 
to use. 
The measured room temperature was 19.1°C. 
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4.2 Fatigue testing 
Fatigue testing involved finding the crack growth rates of CT specimens to evaluate the effect 
of LEFM invalidity on predicted crack growth rates. 
Growth rates for long cracks (17.0 and 23.0 mm) are plotted below. A power law was fitted 
using Excel’s regression feature (which uses a least squares approach) on data in the stable 
crack growth regime (assessed to be for ∆𝐾 between 0.60 and 0.75 MPa m) in order to get 
Paris law coefficients. 
 
Figure 19: Long crack growth rates with power law fitted to stable crack growth regime 
Excel gives 𝐶 = 6.79 x 10-4 m/cycle/MPa m and 𝑚 = 21.4 as the Paris law coefficients (for 
∆𝐾 values with units of MPa m). Plotting this trend line shows good correlation with Regime 
II data, indicating the Paris law coefficients provide a good fit. 
Crack growth rates have been plotted for each of the ∆𝐾 values tested for each crack length (the 
crack lengths plotted have been grouped to include data for crack lengths ±0.3mm) with the 
corresponding theoretical crack growth rate represented by a larger dot. 
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Figure 20: Crack growth rates for different crack lengths at different ∆K values 
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Figure 21: Crack growth rates for different crack lengths at different ∆K values, with error 
bars 
The plots below show crack growth rates at ∆𝐾 values of 0.625 and 0.675 MPa m plotted 
against crack length. On each chart is also a horizontal line representing the theoretical crack 
growth rate predicted from the Paris law at this value of ∆𝐾. The dotted lines above and below 
the theoretical growth rate represent uncertainty in the calculated theoretical growth rate. 
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Figure 22: Crack growth rates with theoretical rate at ∆K of 0.625 MPa m 
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Figure 23: Crack growth rates with theoretical rate at ∆K of 0.675 MPa m 
The large error bars on the long crack growth rates are reflective of the major deviations in 
crack growth rates between short and long cracks. 
Experimental data from all of the fatigue tests is tabulated below: 
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Table 9: Fatigue experiments: Measured fatigue crack growth rates compared to predicted 
values 
Width of each specimen (𝐵): 50.0 mm, thickness of each specimen (𝑡): 6.000 mm 
∆𝑲 (MPa m0.5) Crack length, 𝒂 (mm) 
Measured 
𝒅𝒂
𝒅𝑵
 
(m/cycles) 
Predicted 
𝒅𝒂
𝒅𝑵
 
(m/cycles) 
0.600 23.0 2.27E-08 1.22E-08 
0.625 1.0 1.30E-06 2.92E-08 
0.625 1.0 5.00E-07 2.92E-08 
0.625 1.5 9.00E-07 2.92E-08 
0.625 1.6 3.00E-07 2.92E-08 
0.625 1.6 3.62E-07 2.92E-08 
0.625 1.9 5.55E-07 2.92E-08 
0.625 2.3 1.10E-06 2.92E-08 
0.625 2.5 8.00E-08 2.92E-08 
0.625 2.7 2.40E-07 2.92E-08 
0.625 3.4 1.10E-06 2.92E-08 
0.625 4.0 6.00E-08 2.92E-08 
0.625 4.5 9.00E-07 2.92E-08 
0.625 6.5 2.00E-08 2.92E-08 
0.625 10.0 9.00E-08 2.92E-08 
0.625 17.0 1.00E-08 2.92E-08 
0.625 23.0 4.00E-08 2.92E-08 
0.675 23.0 1.50E-07 1.51E-07 
0.675 1.0 5.99E-07 1.51E-07 
0.675 1.0 5.04E-07 1.51E-07 
0.675 1.6 6.60E-07 1.51E-07 
0.675 1.9 8.00E-07 1.51E-07 
0.675 2.3 3.00E-07 1.51E-07 
0.675 2.5 3.60E-07 1.51E-07 
0.675 2.5 1.10E-06 1.51E-07 
0.675 3.6 6.00E-07 1.51E-07 
0.675 3.9 4.00E-07 1.51E-07 
0.675 4.0 8.00E-08 1.51E-07 
0.675 4.1 5.00E-07 1.51E-07 
0.675 4.2 2.00E-07 1.51E-07 
0.675 4.6 2.13E-07 1.51E-07 
0.675 17.0 7.00E-08 1.51E-07 
0.700 1.0 1.74E-05 3.29E-07 
0.700 17.0 2.00E-07 3.29E-07 
0.700 23.0 2.00E-07 3.29E-07 
0.700 23.0 2.00E-07 3.29E-07 
0.700 23.0 5.83E-07 3.29E-07 
0.725 17.0 3.00E-07 6.98E-07 
0.725 23.0 2.00E-06 6.98E-07 
0.750 17.0 1.00E-06 1.44E-06 
0.750 23.0 5.00E-06 1.44E-06 
0.900 17.0 1.82E-05 7.13E-05 
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Raw fatigue data is presented in Appendix A. 
The average measured room temperature for the two days of testing was 19.4°C. 
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5 DISCUSSION 
5.1 Static fracture testing – Part 1 
Part 1 of static fracture testing involved finding the static fracture loads of CNT and DENT 
specimens to evaluate the effect of LEFM invalidity on predicted failure loads and estimate a 
fracture toughness value for acrylic. 
5.1.1 Comparison of measured and predicted fracture loads 
As can be seen in the measured data in Figure 15, there is a general trend of decreasing fracture 
load with increasing notch length. This is consistent with the Griffith equation. However, there 
is some scatter in the measured fracture loads which is typical of fracture data collection. Each 
notch length was only tested twice. More trials should be done for each notch length to reduce 
variance and obtain more reliable fracture data. 
Of more relevance is seeing how the predicted failure loads compare with measured failure 
loads and how this difference changes for notch lengths. A positive difference indicates over-
prediction (non-conservative design), while negative indicates under-prediction (overly-
conservative design). 
In terms of showing the effect of LEFM invalidity on LEFM failure load predictions, Part 1 of 
testing did not yield any significant results. Figure 16 demonstrated no identifiable trend 
between differences in failure loads and notch lengths. On theoretical grounds it might have 
been expected that with short cracks, LEFM would over-predict the measured failure loads, but 
no such trend could be identified. However, the data shows good correlation with predicted 
values. 
This could be due to a number of factors.  
 As mentioned previously, the low number of repeat trials has increased the scatter of 
measured failure loads. This means that a consistent failure load is not able to be found 
for each notch length and so it is hard to identify a trend between the difference in failure 
load and notch length.  
 Not using the more standard CT (compact tension) specimen geometry.  
 No notch sharpening.  
 One set of samples were cut with a water jet, the other with a laser.  
 The measurements were made using tensile tests on specimens with two quite different 
geometries — CNT (centre-notched tension) and DENT (double edge-notched tension). 
Although theoretically these differences should be resolved by using the appropriate 
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geometric calibration factors for CNT and DENT specimens, in practice errors might 
be introduced by attempting to directly compare data from these different geometries.   
5.1.2 Further investigation into effect of LEFM invalidity on fracture load predictions 
using Part 1 data 
Expanding on the last point, plotting CNT and DENT data separately yields the following 
charts: 
 
Figure 24: Failure loads from static fracture tests, Part 1 (CNT) 
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Figure 25: Failure loads from static fracture tests, Part 1 (DENT) 
The plots show quite decent correlation between predicted and measured failure loads for all 
crack lengths which was seen in the combined plot (except the 5.5 mm DENT notch). This 
supports the theory that LEFM may only be valid for quite short crack lengths for the specimens 
tested.  
An undergraduate fracture mechanics course at the University of Queensland (MECH3300) 
completed a similar series of experiments on PMMA, yielding the following plot: 
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Figure 26: Failure loads from PMMA static fracture tests collected from 2015 MECH3300 
class 
In comparison to the thesis test data, far more repeat trials were completed (the data presented 
is the average data from 14 groups of students). From the data, there is no significant difference 
between measured fracture loads and predicted loads from LEFM.  
It appears from this plot that LEFM is valid for quite short cracks, as the measured and predicted 
failure data corresponding to the shortest crack length are similar. This again indicates that, in 
PMMA, LEFM may only be invalid for very short crack lengths (< 2.5 mm). This is a different 
finding compared to what was found in MECH3300 for Mylar (biaxially oriented polyethylene 
terephthalate), where the test data showed questionable LEFM validity at crack lengths up to 
about 9 mm.  
Based on LEFM validity calculations, a notch length (2𝑎) of at least 2.41 mm should satisfy 
LEFM validity. This supports the theory that LEFM may only be invalid for very short crack 
lengths (< 2.5 mm). This was used to inform specimen geometries in Part 2 of testing – invalid 
cracks - 1.0 mm; borderline - 1.6, 2.5, 4.0 mm; valid - 6.5, 10.0 mm; long cracks - 17.0, 23.0 
mm. 
5.1.3 Effect of material properties on LEFM predictions  
While a value of 1.80 MPa m for the fracture toughness was used (J. Gates, personal 
communication, May 13, 2016) for LEFM predictions, the average value for the samples tested 
was 1.94 MPa m. The value cited by Gates was identified to be a more reliable value as it is 
the average of a number of tests performed by Gates. Additionally, a yield strength of 58.00 
MPa was used in calculations as suggested by J. Gates (personal communication, May 13, 
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2016). Yield strength of the material was not tested. The use of these values casts some 
uncertainty into the LEFM static failure load predictions and minimum LEFM crack length. 
However, Part 1 of testing was not designed to be a comprehensive investigation on the effect 
of LEFM invalidity and so the uncertainty around the yield strength and fracture toughness 
should not be of too much concern; the tests identified a minimum valid crack length from 
which to size cracks for Part 2 and gave an idea of the fracture toughness of the PMMA. 
5.1.4 Conclusions 
In summary, Part 1 was useful for regaining experience with material fracture testing. It also 
demonstrated the importance of repeat trials to reduce variance and deciding upon a reliable 
value for yield strength and fracture toughness for future testing, as it was seen there can be a 
range of values for PMMA. Unfortunately, the testing was not able to highlight any significant 
trends between LEFM predictions. 
Part 2 of the static tests used a more comprehensive methodology in order to more reliably 
investigate the effect of LEFM invalidity on LEFM failure load predictions 
5.2 Static fracture testing – Part 2 
Part 2 of static fracture testing involved finding the static fracture loads of CT specimens to 
evaluate the effect of LEFM invalidity on predicted failure loads. 
5.2.1 Material properties of PMMA tested 
Part 2 of the static testing uncovered some surprising results regarding the material properties 
of the PMMA. Specifically, a fracture toughness of 1.43 MPa m was found which differs 
greatly from what was found in Part 1 and from published data. It is possible to get batches of 
PMMA with fracture toughnesses lower than published data – the supplier may have used a 
proportion of regrind to produce the PMMA sheet which has resulted in a decrease in molecular 
weight and a subsequent decrease in fracture toughness (J. Haig, personal communication, 
August 30, 2016; Cooper & O'Connor, 2010). The different specimen geometry used in Part 2 
may also have influenced the difference in fracture toughness from Part 1. 
A Griffith and Irwin-Kies approach was used to find fracture toughness, with 1.43 MPa m 
representing the average of the two estimates. There was some difference in values between 
estimates but this was not substantial. Using two different methods should allow for a more 
reliable fracture toughness value to use. 
The brittleness of the material had implications on the testing of the material with the material 
occasionally failing at the grip holes at higher loads. This was also observed in fatigue testing 
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when attempting to load shorter crack specimens at ∆𝐾 above 0.725 MPa m. This led to more 
samples being used to collect data. 
 
Figure 27: Specimen which failed at grip hole 
Additionally, the yield strength of the material was not able to be tested directly due to 
resourcing issues. Subsequently, the supplier was contacted for a nominal value for the yield 
strength. Their material data sheet quoted a range of tensile strengths (55 – 76 MPa) (Industrial 
Plastics, 2014) in compliance with ASTM D638, but further discussion with the supplier 
indicated the yield strength would lie to the lower bounds of the tensile strength range and so a 
value of 55 MPa was used. However, an uncertainty of ± 10 MPa was used in calculations to 
reflect the lack of direct testing performed on the sheet of PMMA used. This led to some 
uncertainty in the minimum crack length for LEFM validity.  
5.2.2 Comparison of measured and predicted fracture loads 
Presented below is an updated version of Figure 18 with the minimum crack length included: 
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Figure 28: Failure loads from Static fracture tests, Part 2, with minimum crack length for 
LEFM validity 
The plot reveals that cracks that are borderline or do not satisfy LEFM fail at loads lower than 
what is predicted by LEFM, indicating LEFM would lead to non-conservative design. For long 
cracks (17.0 and 23.0 mm) and other LEFM valid cracks (6.5 and 10.0 mm) there is a strong 
correlation between the failure loads predicted by LEFM and the recorded data. For cracks that 
are on the borderline (1, 1.6, 2.5 mm) as well as 4.0 mm, there is a clear deviation between 
predicted and measured loads. The deviation between predicted and collected data increases as 
the crack length goes further away from the minimum value. 
The 2.5 and 4.0 mm results raise an interesting point as the crack length satisfies the 
conventional calculation for the limits of LEFM validity, but appears to be invalid from the 
measured data. The uncertainty associated with the minimum crack measurement may 
influence this. The minimum crack length concept is also a bit of grey area; it is more a rule of 
thumb to indicate LEFM validity as opposed to a definitive rule. Highlighting the narrative of 
the validity criteria being a grey area is the fact the derivation of the minimum value in Equation 
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4 actually has 50/6 = 2.65 as the numerical constant (based on the Irwin plane strain first order 
estimate of plastic zone size, 
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), with 2.5 used due to its “convenience” in back 
of the envelope calculations. Given this, it may be the case that the true minimum value is 
higher than what was calculated.  
Nonetheless, there is a clear divide between valid and invalid crack behaviour under static 
loading. This can be seen clearly in the plot below, where invalid (1.0, 1.6, 2.5, 4.0 mm), 
borderline valid/invalid (6.5, 10.0 mm) and valid (17.0, 23.0 mm) cracks have been grouped. 
Cracks have been grouped based on experimental observations from Figure 28 – where 6.5 – 
10.0 mm cracks are theoretically LEFM valid but experimentally appear to be borderline and 
where 2.5 – 4.0 mm cracks are theoretically near the LEFM borderline but experimentally can 
be seen to be invalid. Invalid cracks have obvious deviation from the LEFM predictions, while 
valid cracks show good correlation with predicted failure loads. Borderline cracks are slightly 
under-predicted according to LEFM. 
 
Figure 29: Failure loads from Static fracture tests, Part 2, with minimum crack length for 
LEFM validity and crack lengths grouped according to LEFM validity 
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The results of these tests are not particularly surprising. The use of LEFM where it is not valid 
is likely to be a dangerous pursuit and this was confirmed with the non-conservative failure 
load predictions. What is of greater interest is trying to model the deviations between predicted 
and measured values for invalid cracks. 
5.2.3 Modifying LEFM with effective crack length concept to model short crack 
fracture loads 
The literature search revealed the difficulties trying to use a theoretical approach to model short 
crack growth behaviour. The effective crack length concept proposed by El Haddad, Smith, & 
Topper (1979) offers a simple approach to model short crack behaviour with LEFM and will 
be used in an attempt to model the collected static fracture loading data. Rearranging the Griffith 
equation and introducing an effecting crack length can be expressed as: 
𝑃𝑓 =
𝐾𝑐𝐴
𝑌√𝜋
1
√𝑎 + 𝑙0
=
𝐾𝑐𝐴
𝑌√𝜋
1
√𝑎𝑒𝑓𝑓
 Equation 11 
 
The modified Griffith equation given in ASTM E399 for a CT specimen (Equation 7) was used 
to account for geometry in order to find 𝑙0 for the PMMA. For each data point, the crack length 
was changed by adding a crack length constant 𝑙0 until the LEFM prediction matched the 
measured failure load. The average 𝑙0 value was then calculated, yielding the value 3.15 mm. 
Using this effective crack length instead of the directly measured crack length in LEFM-based 
predictions of failure load yields the following plots and errors: 
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Figure 30: Failure loads from Static fracture tests, Part 2, with minimum crack length for 
LEFM validity and new LEFM predictions 
Table 10: Comparison of error between measured and LEFM predicted fracture loads 
without and with 𝑙0 
Crack 
Length (mm) 
Absolute error (N) Percentage error (%) 
LEFM LEFM with 𝑙0 LEFM LEFM with 𝑙0 
1.0 320 55 51 8 
1.6 306 72 53 13 
2.5 234 30 42 7 
4.0 144 -7 26 1 
6.5 109 3 24 1 
10.0 35 -38 8 9 
17.0 37 -10 14 4 
23.0 44 5 25 3 
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The plot shows a much stronger correlation with the measured fracture loads by using the 
effective crack length. This is also seen in the error comparison shown in Table 10, where a 
marked drop in percentage error is observed using an effective crack length. The results suggest 
the effective crack length concept to be a useful method of modelling static fracture loads for 
invalid and valid crack lengths. 
However, for invalid crack lengths, the deviation from the updated LEFM prediction is slightly 
higher the shorter the crack is. While this does not suggest this approach is not able to be used 
for extremely invalid crack lengths, it suggests the effective crack length concept may be most 
appropriate for borderline validity scenarios. 
Looking at Equation 9 reveals how the constant is able to better model the data. The 
experimental data showed for short cracks a large deviation between predicted values which 
was not seen for long cracks. Using an effective crack length will increase the crack length term 
on the denominator which will reduce the predicted load. The effect of this increased crack 
length term is more pronounced for shorter cracks, which is necessary in order to model the 
observed crack behaviour. A 1 mm nominal crack with an l0 of 1 mm will cause the original 
predicted fracture load to be multiplied by a factor of 
1
√2
 ≈ 0.71 to reduce the fracture load by 
~29%, while a 8 mm nominal crack will cause the original predicted fracture load to be 
multiplied by a factor of 
8
√9
 ≈ 0.94 to reduce the fracture load by only ~6%. 
According to the literature, the crack length constant has no physical meaning and is not able 
to be derived from first principles. However, despite this statement in the literature, it could be 
suggested that the crack length constant 𝑙0 does have some physical meaning, related to the 
region of plasticity and/or other damage (the “process zone”) ahead of the crack tip in the 
stressed body. If the size of this process zone immediately prior to fracture is assumed to be 
fairly constant, related to the material properties (Kc) rather than to the crack length, then this 
would achieve the above-described situation where the effective crack length is much the same 
as the directly-measured crack length for long cracks, but significantly greater than the directly-
measured crack length for short cracks.  
5.2.3.1 Industrial application of effective crack length concept 
A benefit of using this approach is how the fundamental form of the Griffith equation is able to 
be used. It could be foreseen that 𝑙0 values could be tabulated and a designer would then be able 
to choose the appropriate value and use it for short crack calculations. This would allow 
designers a simple, quick and cheap method for short crack design purposes. 
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The concern with this approach is that it is an empirical rather than fundamental solution to the 
problem. It has no easily predictable physical basis relating to the behaviour of the material. To 
prove the concept, it would be necessary to test this approach on a range of different materials, 
geometries and loading conditions. 
5.3 Fatigue 
Fatigue testing involved finding the crack growth rates of CT specimens to evaluate the effect 
of LEFM invalidity on predicted crack growth rates. 
5.3.1 Observations from conducting fatigue experiments 
Some difficulty was encountered with keeping the crack straight through loading. This meant 
more specimens had to be used to ensure crack growth was straight. A comparison is shown 
below: 
 
 
Figure 31: Stereo microscope image of crooked crack growth with crack growth ruler visible 
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Figure 32: Stereo microscope image of straight crack growth with crack growth ruler visible 
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Figure 33: Close up stereo microscope image of straight crack growth with crack front visible 
5.3.2 Paris law fitting 
Initial fatigue testing involved getting an idea of the crack growth profile of the PMMA ie 
getting a rough idea of where regime I, II and III occurred using the long crack specimens. 
Testing indicated fast fracture occurred for ∆𝐾 values starting from 0.750 MPa m, with one 
test at 0.90 MPa m leading to fracture after 11 cycles following fatigue initiation. Using a 
stereo microscope, roughly 11 striations could be counted which corresponds to the 11 cycles 
of crack growth the specimen underwent.  
Additionally, crack growth was quite slow at ∆𝐾 values of 0.600 MPa m. In the interest of 
practicality, it was not required to test at values below this or to identify a threshold value, so 
Paris law data was taken from ∆𝐾 values from 0.600 - 0.75 MPa m. 
5.3.3 Comparison of measured and predicted fatigue crack growth rates 
The results from the Paris law fitting were used to calculate predicted crack growth rates and 
produce Figure 22 and Figure 23. Figure 22 and Figure 23 clearly demonstrate the effect of 
short cracks on crack growth rates. Using the experimental definition of borderline cracks 
explored with Figure 29, it can be seen that starting from borderline cracks (greater than 4.0 
mm) and increasing in length, there is a good correlation between predicted and measured crack 
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growth rates. Decreasing from this borderline length causes the measured rate to deviate from 
the prediction. Figure 23 shows for decreasing crack lengths from the borderline length there is 
an increasing trend in crack growth rate. It is somewhat harder to observe this trend in Figure 
22. 
Both figures demonstrate that for invalid crack lengths, the measured growth rates are much 
higher than what was predicted by LEFM. This supports the conclusion that LEFM leads to 
non-conservative design for fatigue loading. 
The large error bars for the experimental data are the result of inherent scatter in fatigue data. 
It is expected more trials would reduce the size of these error bars somewhat. The size of the 
error bars is also due to the large deviation between short and long crack growth rates. 
The mechanisms causing this increased crack growth for short cracks at the same ∆K are 
unclear. From Figure 6 it could be concluded that the ∆𝐾 values tested at may lie in the region 
from the threshold value to where the short crack growth rates tend to the long crack growth 
rates where short crack growth rates are higher. An amended version of Figure 6 is presented 
below to highlight the possible region at which the specimen were tested at. The issue with this 
reasoning is the curves are based on steel data and are identified to be the result of 
microstructural properties as has been discussed. The lack of a grain structure in the PMMA 
microstructure casts doubt on this line of reasoning. A similitude may not exist between metal 
and polymer short crack growth rate behaviour. 
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Figure 34: Effect of grain size on crack growth rates – amended to highlight possible 
application to experimental procedure 
Figure amended from Suresh & Ritchie (1984) 
Specific research into PMMA (or polymer) short crack growth is limited. Ravi-Chandar & 
Balzano (1988) investigated the mechanics of crack growth in polymeric materials without a 
particular focus on short cracks. They were able to identify a number of growth behaviours, 
with polymers exhibiting slow stable or fast unstable crack growth, in addition to a transition 
behaviour between stable and unstable growth and stick-slip. Stick-slip is when the crack grows 
unstably for a short distance before arresting induced by specific loading conditions (Ravi-
Chandar & Balzano, 1988). A micromechanical was proposed to explain slow crack growth, 
stating that it eventuates from unbroken ligaments of the craze region shielding the crack tip 
from the full effect of the applied loading (Ravi-Chandar & Balzano, 1988). Unstable crack 
growth is due to brittle growth mechanisms and the transition region is facilitated by diffusion 
and conduction of heat released in the fracture process (Ravi-Chandar & Balzano, 1988). While 
none of this can be used to explain the different short crack growth behaviour in polymers with 
a micromechanical approach, it does highlight that microstructure plays a role in crack growth 
in a polymer and indicates similitude with short crack growth behaviour in metals may not be 
possible. Further work could be done to reproduce the short crack growth curves in Figure 6 
for a range of polymers. 
At least from the measured data, it can be concluded that invalid cracks lead to non-conservative 
design using LEFM. It is unclear whether this always leads to non-conservative design, based 
off the short crack behaviour for a range of ∆𝐾 values presented in Figure 6. Producing short 
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crack growth curves for a range of polymers would help in concluding whether invalid cracks 
always lead to non-conservative design. 
5.3.4 Modifying LEFM with effective crack length concept to better model short crack 
growth rates 
At the very least, the effective crack length concept can also be applied to modelling the short 
crack growth behaviour to see if a better model results. A similar approach to the static case 
was used to find 𝑙0 – the crack length was altered using 𝑙0 in order to change the ∆𝐾 value used 
in the Paris law to match the predicted crack growth rate with the measured data. An averaged 
𝑙0  was then found. Essentially, a new ∆𝐾 value, ∆𝐾𝑙0, was used in the Paris law to predict a 
more reliable crack growth rate. The ∆𝐾𝑙0value was higher than the nominal ∆𝐾 value used to 
drive the crack and in theory this should be able to model the increased crack growth rates for 
short cracks. This process is explained algebraically below: 
∆𝐾𝑙0 = 𝑌∆𝜎√𝜋(𝑎 + 𝑙0) = 𝑌∆𝜎√𝜋𝑎𝑒𝑓𝑓 →
𝑑𝑎
𝑑𝑁
= 𝐶∆𝐾𝑙0
𝑚
 
For a set ∆𝐾𝑛𝑜𝑚, the predicted crack growth rates can be plotted by finding ∆𝐾𝑙0 for each crack 
length and putting this into the Paris law. The results of this modelling are below: 
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Figure 35: Crack growth rates with new theoretical rates at ∆K of 0.625 MPa m 
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Figure 36: Crack growth rates with new theoretical rates at ∆K of 0.675 MPa m 
A 𝑙0 value of 0.35 mm was determined to provide the best data fit for the fatigue data. This 
compared with the value of 3.15 mm determined to provide the best data fit for the static fracture 
load. The difference in values between the static and cyclic loading cases indicates the constant 
is dependent on the type of loading the specimen is subject to as was discussed in Section 
5.2.3.1.  
The 𝑙0 value calculated for fatigue was much smaller than the value calculated for static loading. 
Using the plastic zone theory presented in Section 5.2.3, this may be because the plastic zone 
is smaller before fatigue fracture given the crack is driven at subcritical stress intensities. The 
ratio between the fatigue and static 𝑙0 values is 0.11 as opposed to the ratio between plastic zone 
sizes (found using (
𝐾
𝜎𝑌
)
2
which governs the size of the plastic zone, with K values of 1.43 MPa 
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m used for static (fracture toughness of material) and 0.750 MPa m for fatigue (maximum 
stress intensity value tested at)) which was found to be 0.29. The 𝑙0 ratio is roughly half the 
plastic zone ratio, however, they are both the same order of magnitude. This lends some 
justification into the plastic zone theory explaining the 𝑙0 concept. 
The effective crack length or “𝑙0” approach yields much improved correlation between the 
experimental and predicted crack growth rates for both ∆𝐾𝑛𝑜𝑚 values. While this again might 
lack a clear physical explanation, the use of the effective crack length concept introduces a 
higher effective ∆𝐾 value to model the increased crack growth of short cracks.  
Similar to the static results, the deviation from the updated LEFM prediction appears to increase 
with the shorter the crack is. Figure 36 in particular demonstrates this. The 1.0 mm predicted 
value is much higher than the measured crack growth rates. Again, while this does not suggest 
this approach is not able to be used for extremely invalid crack lengths, it suggests the effective 
crack length concept may be most appropriate for borderline validity scenarios. As an aside, 
LEFM appears to over-predict (overly-conservative design) the crack growth rate for extremely 
invalid cracks in Figure 36. However, Figure 35 shows a much better correlation even for 
extremely invalid cracks. Thus, it is not able to conclude whether the effective crack length 
approach yields either non-conservative of overly-conservative crack growth predictions for 
extremely invalid cracks. 
There is scatter in the data, particularly for Figure 35. While this might reduce the confidence 
in the reliability of the approach, scatter is a common characteristic of fatigue data and some 
deviation between the model and collected data is to be expected. Figure 36 shows a much 
stronger correlation for all crack lengths. 
It is unclear why “more” scatter exists for tests at 0.625 MPam than at 0.675 MPam. It may 
just be by chance that the 0.625 MPam data is more scattered given how random fatigue scatter 
can be. Intuition suggests performing more tests would reduce scatter. 
Plotting (with and without error bars for visual clarity) crack growth against ∆𝐾𝑙0 can also be 
done to show the effect of the crack length constant. ∆𝐾𝑙0 was found for the experimental data 
for each crack length and plotted with the recorded crack growth rate. 
61 
 
Figure 37: Crack growth rates for different crack lengths at different ∆K values with new 
Paris law 
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Figure 38: Crack growth rates for different crack lengths at different ∆K values with new 
Paris law, with error bars 
There is scatter evident in the data around the theoretical crack growth rate but there is again a 
strong correlation between the theoretical and experimental data. This suggests there is a 
relation between crack growth rate and ∆𝐾𝑙0. The scatter in this chart appears large in 
comparison to the overall range of data, but this was inevitable because only a very small range 
of values of ∆𝐾𝑙0 were used (0.600 to 0.810 MPam).  
Different ∆𝐾𝑛𝑜𝑚  values can also be plotted on the same graph by plotting 𝐶, the Paris law 
coefficient, against 𝑎. This can be done by treating 𝑚 as a constant and finding 𝐶 for each 
𝑑𝑎
𝑑𝑁
 
value. For 0.625 to 0.675 MPam, this yields the following plot: 
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Figure 39: Plotting C against a for ∆K values of 0.625 MPa m and 0.675 MPa m   
This plot seems to reduce the scatter of the experimental data around the updated predicted 
values somewhat. There is a strong correlation visible between the updated predictions and the 
experimental values. It again supports the effectiveness of this effective crack length approach. 
Again, the large error bars are the result of inherent scatter in fatigue data and the deviation 
between short and long crack growth rates. It is expected more trials would reduce the size of 
these error bars. 
From the results of these fatigue tests, it is clear that the effective crack length concept is a 
promising approach to modelling short crack growth behaviour. 
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In the current research it was never the intention to produce a chart showing the dependence of 
crack growth rate on ∆𝐾𝑛𝑜𝑚 over a broad range in the manner of Figure 1. Rather, it was desired 
to test at two near-constant values of ∆𝐾𝑛𝑜𝑚 and examine the effect of crack length on da/dN 
for nominally constant ∆𝐾𝑛𝑜𝑚. However, the suggestion of the current research is that, if 
measurements were made over a broader range of ∆𝐾𝑛𝑜𝑚 values including regime I (near-
threshold) and regime II (steady-state), a chart of 
𝑑𝑎
𝑑𝑁
  versus ∆𝐾𝑙0 might permit the use of data 
from different crack lengths, including borderline LEFM validity.  
5.4 Temperature 
Given the effect of temperature on polymer behaviour, the room temperature was measured for 
Part 2 of the static tests and fatigue testing. Given the room temperature was controlled by air 
conditioning there was little change between testing days and thus temperature was unlikely to 
have an effect on testing results. 
Obakponovwe & Williams (2006) were able to demonstrate the effect of temperature on fatigue 
crack growth rates in PMMA: 
 
Figure 40: Effect of temperature on PMMA fatigue crack growth rates 
Figure sourced from Obakponovwe & Williams (2006) 
This research suggests that, at least for polymers, temperature should also be considered when 
selecting a 𝑙0 value. By extension, other environmental conditions may need to be considered 
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when selecting a 𝑙0 value for any material type. More research should be done into this area to 
investigate this. 
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6 CONCLUSIONS 
The results of the experiments indicate that the assumption of LEFM leads to non-conservative 
design when the crack length does not satisfy LEFM validity criteria under static or fatigue 
loading. Predicted failure loads were found to be higher than experimental data. In fatigue, 
predicted crack growth rates were found to be slower than experimental data when the LEFM 
was invalid. It was also found that the further the crack length was from the minimum valid 
crack length, the more non-conservative the predicted static failure load and crack growth rate 
would be. 
A literature review revealed a number of issues with existing theoretical short crack models. 
These include the fact that they are based on only steel data, and depend explicitly on 
information about the microstructure of steel. Many conflicting theories regarding the 
micromechanics of short crack growth are used in different models meaning there is no clear 
model to use. 
Consequently, a numerical approach, based on work by El Haddad, Smith, & Topper (1979) 
was used to model short crack behaviour. This approach used an effective crack length (𝑎 + 𝑙0, 
a numerical constant) to improve LEFM predictions. For a static loading environment, the 
effective crack length reduced the predicted failure load significantly for short cracks but not 
for long cracks. For a cyclic loading environment, the effective crack length introduced an 
increased effective value of ∆𝐾 driving force, which successfully modelled the faster crack 
growth rates for short cracks. 
This numerical approach yielded much improved LEFM predictions, both for static failure 
loads and for fatigue crack growth rates. Additionally, it was found that the approach had much 
stronger correlation with measured data for borderline invalid cracks. While this does not 
exclude the effective crack length approach from being used on extremely invalid crack as 
correlation was seen for these crack lengths under static and cyclic loading conditions, it does 
suggest the designer should be conservative in his work. 
This numerical approach is promising as it is simple to use – the standard Griffith and Paris law 
equations are able to be used with only minor modifications to produce far more reliable results. 
This provides the designer a simple tool for designing with short cracks as opposed to using 
more complex methodologies such as EPFM. 
The 𝑙0 values used were derived from the experimental data obtained. It is envisioned that a 
designer would be able to look up an 𝑙0 value based on the material, loading type, geometry 
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and potentially environmental conditions, and thus obtain a more reliable static failure load and 
crack growth rate prediction for either invalid or valid cracks. The different 𝑙0 values calculated 
for static and cyclic loading suggest that 𝑙0 would be dependent on the loading conditions. 
The 𝑙0 concept needs to be investigated further if it is to be applied in professional practice. 
Additional materials, loading conditions and geometries should be considered to see if this 
numerical approach yields similar modelling reliability for short cracks. Looking at different 
material types should be of significance given the effect microstructure has on crack growth 
behaviour. 
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8 APPENDIX 
8.1 Appendix A – Raw data 
8.1.1 Fatigue testing 
Table 11: Fatigue experiments: Measured crack growth from N cycles after crack initiation 
Width of each specimen (𝐵): 50.0 mm, thickness of each specimen (𝑡): 6.000 mm 
∆𝑲 (MPa m0.5) Crack length, 𝒂 (mm) 
Number of cycles, 
𝑵 
Measured crack 
growth, 𝒅𝒂 (mm) 
0.600 23.0 11000 0.25 
0.625 1.0 1000 1.30 
0.625 1.0 1000 1.10 
0.625 1.5 1000 1.10 
0.625 1.6 1000 0.90 
0.625 1.6 1000 0.30 
0.625 1.9 541 0.30 
0.625 2.3 552 0.20 
0.625 2.5 2500 0.20 
0.625 2.7 2500 0.60 
0.625 3.4 5000 0.30 
0.625 4.0 5000 0.10 
0.625 4.5 5000 0.45 
0.625 6.5 5000 0.05 
0.625 10.0 5000 0.20 
0.625 17.0 1000 0.50 
0.625 23.0 1000 0.90 
0.675 23.0 5000 0.75 
0.675 1.0 5000 0.35 
0.675 1.0 334 0.20 
0.675 1.6 397 0.20 
0.675 1.9 500 0.33 
0.675 2.3 500 0.40 
0.675 2.5 500 0.15 
0.675 2.5 695 0.25 
0.675 3.6 1000 1.10 
0.675 3.9 500 0.30 
0.675 4.0 500 0.20 
0.675 4.1 1000 0.50 
0.675 4.2 2350 0.50 
0.675 4.6 2500 0.20 
0.675 17.0 2500 0.50 
0.700 1.0 2500 0.50 
0.700 17.0 2500 0.50 
0.700 23.0 1500 0.88 
0.700 23.0 2500 0.50 
0.700 23.0 43 0.75 
0.725 17.0 750 1.50 
0.725 23.0 2500 0.75 
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0.750 17.0 200 1.00 
0.750 23.0 500 0.50 
0.900 17.0 11 0.20 
 
 
